Summary. The effect of a "pore-size" length-scale parameter 1 on compaction of grounds with fluid inclusions is studied. They are modelled as continua endowed with micro-structure by means of the macro-modelling procedure proposed in [2] . We show the dependence of field evolution equations on the micro-structure parameter l and compare our model with the homogenized asymptotic ones. The consideration of the pore size 1 allows us to forecast the onset of micro-displacement waves as a consequence of a ground settling and to suggest a possible description of the genesis of certain microearthquakes [5] [6].
Introduction
In [1] a new way is suggested to study the effect of the length scale parameter -characterizing the size of the pores -in the mechanical interaction of a fluid with a porous matrix.
The method used there (called in [2] macro-modelling procedure) is very powerful and relatively easy to apply. Here we want to use it to characterize the dynamical evolution of a system 5 P constituted by a porous solid visco-elastic matrix with non connected periodically distributed inclusions saturated by a viscous fluid. It is well known that the study of this system is very difficult from the mathematical point of view if it is modelled in a refined way: i.e. by means of two distinct 3-D Cauchy continua occupying, in every configuration, two disjoint but geometrically tightly nested regions of space.
Indeed the complex geometrical structure of the system leads to a coupled (by suitable boundary conditions) system of partial differential equations (PDE) for the displacement field of the solid matrix and for the velocity field of the included fluid. To overcome these difficulties different methods are available in the literature. Here we will mention three of them:
(i) In [7] an asymptotic analysis is proposed which leads to the introduction of homogenized continua as models for considered periodically inhomogeneous systems. These continua are characterized in terms of effective coefficients appearing in their constitutive equations. These effective coefficients are found by means of a complex mathematical procedure involving the solution of a boundary value problem for a prototype PDE in the periodicity cell.
(ii) In [16] -instead -a direct approach is considered. The kinematics of the substantial point of the continuum is described in terms of some descriptors of the micro state of the system. In order to find the evolution equations for these micro-state descriptors some balance equations have to be postulated in every considered instance.
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(iii) In [1] , [3] , [8] , [9] , although using different mathematical tools, a kind of compromise between the first and second approach is suggested. Refraining from a detailed description of the displacement fields at the micro-level, the evolution equations for the micro-state descriptors are deduced by assuming that they determine with a certain approximation the micro-fields introduced in the refined 3-1) description. This deduction is possible by the following two steps:
a) First, suitable micro shape functions are chosen (respecting the criteria found in [2] , [3] ). b) Second, an expression for the micro-fields in terms of micro shape functions, the micro-descriptors and the macro-displacements is used in the weak form of force balance.
As an important by-product macro constitutive equations in terms of micro shape functions and micro constitutive equations are determined.
The first two methods show some drawbacks:
(i) In the method mentioned in (i) the solution of the prototype PDE in most cases is very difficult to construct because of the geometry of the periodicity cell and is solved, in general, only by means of numerical methods. Finally, as homogenized asymptotic models are obtained with a limiting procedure for vanishing periodicity cell size, they can account for the effects neither of length scale parameters nor of any structural change at the micro-level induced by deformation. (ii) In the method mentioned in (ii) one needs to postulate suitable balance equations from which deducing the evolution equations for micro-descriptors. No general axiomatic format seems presently available to supply valid criteria to select the appropriate form for these balance equations. For a more detailed discussion of this point we refer to [22] , [23] .
(iii) On the other hand the procedure proposed in [2] supplies a standard method for simplifying the refined description for ~ by means of the introduction of a micro-structured continuum, modelling it at a macroscopic level. In particular the aforementioned procedure allows for an easy determination of both 9 the evolution equations for the macro displacement and the relevant micro descriptors introduced for describing the kinematics of the micro structured continuum characterizing the coarse behavior of ~, 9 and the constitutive equations for the micro structured continuum in terms of the geometry of ~ at the micro-level and the constitutive equations of its micro-component.
The method used here is based on the deduction of evolution equations for both macro displacements and micro descriptors from the classical theory of Cauchy continua, assumed to be valid in the refined description at the micro level. The micro-displacement field for these continua is found -in principle -by using force balance law, when the geometry of the solid matrix, its interaction modalities with the field phase, and the constitutive equations for both solid and fluid phases are known.
Although their determination can be very difficult, in many instances it is possible to guess some features of the micro-displacements in order to obtain a simplified system of PDE governing the motion. In [2] this guessing procedure finds a formally correct frame of reference by means of the introduction of so called '"micro-shape functions". Their properties are listed in the following Sections 2, 3 or in [1] , [2] to which we refer. The suitably chosen micro-shape functions allow for the representation of micro-displacement as the sum of a macro-displacement and a micro-disturbance whose evolution is controlled by the micro descriptors and whose form is fixed by micro-shape functions. In this way it is possible to account for those features of the hal-00497282, version 1 -3 Jul 2010 deformation of the micro-structure relevant for the evolution of macro displacement. Indeed the weak form of the force balance equation -which we assume to hold at the micro-level -once the aforementioned representation for micro-displacement is accepted, allows for the deduction of the evolution equations for macro displacements and micro descriptors. This deduction -which makes possible the change from the refined to a coarse description of 5: -is based on 9 the determination of an accuracy parameter e and of the micro-periodicity cells; 9 the assumption that macro displacements and micro descriptors are slowly-varying fields.
More precisely macro displacements and micro descriptors are assumed to be e-macro functions, i.e. functions whose variation in every periodicity cell is e-negligible; 9 the possibility, in the macro description of 5 p, of neglecting -in the weak form of force balance -every quantity of order equal or greater than e.
While the equations for macro displacements are PDE, those obtained for micro descriptors are ODE. Therefore -in the sense used by [16] -the micro descriptors are internal state variables.
In [2] also a criterion is given to establish whether the chosen micro shape functions are reasonably guessed: for a discussion of the reliability of the micro shape functions we use in this paper we refer to [1] - [3] .
In the present paper we:
9 formulate a new mathematical model for compacting fluid saturated grounds 9 obtain, in the framework of the aforementioned model, the description of the genesis of the microearthquakes related to the bradyseismic phenomena in the Phlegrean Fields in South Italy.
Geometrical structure of the solid matrix and fluid inclusions
The considered body ~ is assumed to be constructed -in a reference configuration -by translating a typical cell V. Let
,1,
We choose I as the micro-structure length scale parameter (cf. [2] and references there quoted). In order to characterize the structure of a solid matrix with non connected fluid inclusions we consider the following partition of V:
v=v~uv~, We assume that V, Vs and VF are regular regions as defined by Truesdell [14] . Vs is occupied by a solid material while VF by a fluid one. For an arbitrary point x in the physical 3-space E we will use the following notation: A detailed (refined following [3] ) dynamical description of the body ~ at a micro-level is obtained by introducing displacement fields whose variations in every cell V(x) (whose diameter is l) can be relevant. Instead a coarse description, i.e., a description at a macro-level (in which only some overall "averaged" properties of the body are to be considered) will be obtained by introducing "macro descriptors" of displacement which are nearly constant Vs(x) and Vv(x) we denote the mean value as follows [3] , [1] :
If f is a V-periodic function, then, Vx ~ E we obtain
where <f), <f>s, <f)P are constants.
(vi) Following [2] we call micro-shape functions a system of sufficiently regular V-periodic linear-independent functions h~A('), A = 1, ..., N, representing a functional basis for a finite dimensional subspace of the space of continuous V-periodic functions such that
where the index I displays the dependence of the micro shape functions on the length scale parameter; O(1) represents a set of functions of I which are infinitesimal of equal or higher order than l, and O(1) is a set of functions of l whose maximum value remains finite when 1-0 0. (vii) For some e > 0, we call a real-valued function F defined on f2 an e-macro-function if
For each F the parameter ~ will be considered as an error implied by the choice of giving up the microscopically accurate description of the variation in V(x) of F. Although in general different F have different e (i.e. e = ee), in the following we assume that one and the same e can be chosen for all macro-functions necessary to the description of the system.
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Evolution equations for macro-displacements and macro-descriptors
We assume that ~ consists of 9 a linear elastic solid matrix 9 saturated inclusions of a Stokesian incompressible viscous fluid [15] .
Therefore, at the micro-level we assume that the following constitutive equations hold: 
where u is the micro-displacement vector field defined in ~?s for every substantial point belonging to the matrix; v is the micro-velocity field in the fluid inclusions. Since H Vu [I ~ 1 we may set = sym (grad (v)); C is the linear elasticity fourth order tensor; D is the Navier-Stokes linear viscosity tensor; p, ts, te, fir are the hydrostatic pressure field, the Cauchy tensor for the solid and the fluid media, the Stokes viscosity in the fluid inclusions, and I is the identity tensor, respectively. Let Qs, 0r represent mass density fields of the solid and fluid components, and let b be the external body force.
We assume the following weak-form of force balance equations (see for instance [16] , [17] ):
ts : ~e dV + tr : ~e dV + Qs~ " ~u dV + QF~ " ~u d (6) ~2s ~2F
for every ~u continuous in fl and of class C 1 in intOsuintOr, and such that ~u[0a = 0, ~e = Sym (grad (~u)). The dynamical problem for ~ is given by Eqs. (4), (5), and (6). It describes completely the micro-behavior of the considered continuum. No qualitative study of the resulting PDE has been performed. In particular up to now it has not been possible to describe the influence of the geometry of the fluid inclusions on the average displacement of the ceils constituting the solid matrix. Only numerical solutions could be determined for particular geometrical shapes of the solid matrix.
In this paper we try the aforementioned qualitative study by refraining from a detailed description of the micro-displacement field inside the typical cell V(x). Indeed, we guess a representation for the micro-displacement field in terms of a macro-displacement field and some disturbances obtained by means of some micro descriptors and some micro shape functions. The micro shape functions account for the geometry of the inclusions and for some aspects of the mechanical behavior of the solid matrix, while the micro-descriptors account for those aspects of the micro-displacements which are expected to influence the macro-displacements. Formally this can be done by introducing the following hypotheses (for more details we refer to [1] - [3] , [12] ): 170 E dell'Isola et al.
(j) The micro-displacement field u is represented as (summation over A holds):
where hff(-), (A = 1 ..... N) are the micro shape functions describing the kinematics of the system at the microscopic level. They are to be chosen a priori in order to account for those features of the solutions at the micro-level which are relevant at the macro-level in the considered phenomena. The more suitable the guess represented by the micro shape functions is the more accurate will be the qualitative analysis they allow. For instance, in [1] it is shown that for empty inclusions the most appropriate micro shape functions differ from those which have to be chosen in the case of filled inclusions. More examples are available in [3] , [12] , [2] . (jj) In modelling the macro-behavior of the system we dispence with the description of some of the aspects that can be considered micro. Consequently, we neglect all terms appearing in the equations that are of the same (or higher) order of the accuracy parameter e that characterizes the precision to which we can measure the macro-functions U(-, t), Qa(., t) and all their derivatives. In the sequel this kind of approximation will be denoted by ~. It is better to underline at this point that in this approach the micro-structure length scale parameter l is a known physical constant (independent of e) and will not be neglected. In this way we see that at micro-level the motion, described by u, can be regarded as a superimposition of "micro-disturbances" (hffQ a) over the "macro-motion" U. Thus the QA(., t) are those macro-quantities describing those disturbances at the micro-level which are relevant at the macro-level. Choosing different micro shape functions allows for the study of different aspects of the considered process, whose more detailed description can also be obtained by increasing the number N of micro shape functions. In the same way we find (see Eqs. (64) and (65) in the Appendix):
Remark 2. Because of the definition of micro shape functions given in Section 2 we obtain

6h" ~u dV+ ~ 66" 3u dV ~-~ ((6) U + (6hl A) QA). (~U dV f~F ~s + f ((6 h'A) (-J + (6 htAhlB) QB)
. ~QA dV 
Therefore we obtain the following weak form for the PDE and ODE governing, respectively, the evolution of U and QA: 
S (S:
Equations (18), (19) together with (11), (12) and (16) (18), (19) and (20) 
Remark 6. Simple inspection of Eqs. (12) and (19) shows that it is not possible to use them to express S -as given by (11) -as functions of the quantities E and E only. Indeed if the length scale parameter I is not negligible, (19) (after substitution of (12)) becomes an ODE of the second order for the variables QA. If l is negligible Eq. (19) reduces to an ODE of the first order for the QA's. In both cases the possibility to represent S -by means of suitable Effective Moduli (as in the mogenized theories) -as a function of macro-strain and its time derivative is lost.
A compaction problem: the effect of fluid inclusions on vibrations induced by ground settling
Let us apply the model to the case in which the solid matrix undergoes a compaction process.
In particular we wish to study the effect of the geometry of the microscopic fluid inclusions on the micro-displacement waves induced by ground settling. To our knowledge this problem cannot be handled with other methods. We assume that C and D act on E and l); as follows: 12~s( l~-l-Tr(l~)I)3 , if x~g2s.
We will distinguish two regimes, separate in time: the first (t e [0, to]) in which the solid compacts in the xl direction. Because of compression some micro-motions arise which are able to influence the behavior of the body at the macro level also. We study these effects in an interval following the compaction: t c [to, ts], (eventually (t z --+ oo)), analyzing the influence of the micro structure size on the macro-behavior and compare our results with those obtained with the homogenized asymptotic model.
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A micro-structured continuum The initial conditions for t = to are determined as the final conditions of the compaction regime so that we must necessarily analyze the compaction process in some detail. In general in order to model these processes (see [18] - [20] ) PDE in three dimensional domains need to be solved. Here we use a semi-inverse method for solving the system of PDE (for MD) coupled with the ODE governing the evolution of micro-descriptors. We use the following micro-shape functions (see Fig. 1 ):
This choice has been fully justified from the mathematical point of view in [1] - [3] , [12] . Here we want to stress the physical meaning: it states that the unit V-cell and its fluid inclusion VF undergo deformations mapping them into parallelepipeds only. This assumption is well-grounded only ifa solid matrix is in contact with an incompressible or nearly incompressible fluid inclusion. For instance if we apply our modelling procedure to a solid with voids then we need as micro shape functions higher order polynomials in the x variables. 174 F. dell'Isola et al.
The initial phase: ground settling
We use the following boundary conditions (BC) for the macro displacement: t UI(0 , x2, x3, t) = 0, UI(L1, x2, x3, t) = -qL1 ~o' t t UI (xl, O, x3, t) where r/is a measure of the amount of the ground settling. Indeed the total variation of the ground level 3 at x3 = 0 is given by 3 = r/L1.
To these boundary conditions we must add the following initial conditions (IC):
to Ll' 
It is very easy to verify that
U1= -3o ~ t U2 = U3 = O, P = P(t)
satisfying BC and IC. In this way Eqs. (18), (19) and (20) -s h52o
f3 = ('~S) (a3h3)s,
= -3 ((ffts(O3h3))s + (~r(~33h3))F)'
The solution of Eq. (41) is (a similar expression for Q1 is obtained using (40)) 
rl[( C~oo) ?Ale(-~~176176 e(-~~176176
(46)
Qo=-/3ot-~oo Yo t-+> +
The subsequent phase." micro-vibrations
We assume that in the interval [to, tl] the IC for the macro displacement and the microdescriptors are given by their corresponding final value in the settling phase. Therefore, when the 
where Oi A and Qi A are, respectively, the values ofQi A and ~)A at the time t = to as obtained in the previous Section. The solution of Eqs. (38), (40) is
where 
and with the same calculations as in the previous cases we obtain, in the phase of ground settling, ~o0o + fioQo = 7o c~lU1 + f~ ~?lC1,
where go = ~o,/7o = rio, % = 7o, ~z = 71; therefore ~o t
Qo(t) = tl ~o to + A3(1 -e -~e~176
( 56) ) with A3 =/7 /Joto ' On the other hand, in the subsequent phase, we have
~7~ A 3(e-(~o/~o)to e-(go/~o)/t Qo(t) = -t/~oo + -1)
.
Remark 5. Because of the dissipative terms appearing in the constitutive equations (4) and (5) 
Comparison with the homogenized asymptotic models
We start by comparing the results of our refined "length scale parameter" model with the asymptotic model. Calculating the limit when 1 -~ 0 we find from (42)- (45) that
-C~o + ]/~02 -4f10 ~ -2 ~, ~o A2 ~ A3.
Thus, in this limit the solutions found in Section 4 turn into the asymptotic one found in Section 5. We observe that within the homogenized asymptotic model that part of the general solution depending on A1 cannot be obtained.
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Towards an application to the genesis of micro-earthquake induced by compaction
We note that, because of the dependence of~o and/~o on I and g, we can prove that there are two ranges in the set of geometric and material constants. Bodies characterized by constants belonging to the first set are such that all initial strain deformations are damped in an exponentially decreasing way in a short "transient" time interval. On the other hand media with material constants belonging to the second class experience a longer period of damped displacement oscillations.
The quoted results open interesting possibilities towards the description of some among the phenomena described in [4] , [5] and [6] . These papers show how peculiar the seismic and volcanic activity is in the region of Phlegraean Fields in southern Italy. In particular in [5] microearthquakes are decribed which are typical of that area.
On the other hand in [4] -in a very intuitive and somehow tentative way -some ideas are presented about the genesis of those earthquakes and the whole bradyseismi& phenomenon. The ideas are:
(i) the vertical movement of the crust in the Phlegraean Fields could be caused by the pore pressure variation in the porous fluid saturated media filling their volcanic basin. (ii) the micro-earthquakes accompanying both the positive (crustal uplift) and the negative (crustal settling) phases of the bradyseism could be a consequence of a sudden micro-strain release following by ground settling.
It seems to us that the results of the present paper allow us to perceive the formulation of a mathematical model suitable for the qualitative and quantitative substantiation of the idea mentioned in (ii). Indeed we are already able to prove that micro-displacement and macropressure damped waves can arise -under particular conditions -as a consequence of ground settling. On the other hand, some improvements of the present treatment need to be performed: in particular, a model capable to account for the phenomena occurring in solid matrices with micro-connected fluid inclusions need to be formulated. This generalization will be presented in a future paper.
We conclude by underlining that the ideas mentioned in (ii) can be found -in a more intuitive, but also more suggestive form -already in a very ancient tractate, by Lucretius: We start from the weak-form of the force balance equations: 
., (ts(X, t) VX ~ f2s S(X, t) ,= ~t~ --pI VX E YaF.
We obtain, by substituting for each term the expressions derived in (7) and (8), and by neglecting all terms of order equal to or higher than z, 
